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3. 


ON CERTAIN DEFINITE INTEGRALS. 


[From the Cambridge Mathematical Journal, vol. m1. (1841), pp. 188—144.] 


In the first place, we shall consider the integral 


: dx dy... 
AEA O O D EONAR 
( Ca ayto- yy] 
the integration extending to all real values of the variables, subject to the condition 
ao , 
tit... < or =1, 
and the constants a, b, &c. satisfying the condition 
a? b2 
ie T h? ee 
We have 
dV : (a — s) dæ dy ... 
LE ENE ssa Ala dept te 
da TEPEE 
$n 1 n—l 
wih E 2hh, ... wa a= da 


VEH). Vn) o y [E+ + (h? — h) a} [E+ + (hP — he) a}... 
& being determined by the equation 
a b2 
Eth + Eth? nT ap i 
by a formula [see p. 12] in a paper, [2], “On the Properties of a Certain Symbolical 


Expression,” in the preceding No. of this Journal: ¢ having been substituted for the 7? 
of the formula. 
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Let the variable x, on the second side of the equation, be replaced by ¢, where 


s E+k 
E+h+o’ 
we have without difficulty 
ie .. wg do 
A a ea E E": 
where P=(E+k+e)(E+h? +o)... 
and similarly 
av _ C ag 
kg -0-9 J, Eth eve 
Ie snes 


From these values it is easy to verify the equation 


(n —2) hh, ... a" [° p dp 
sir oo ae 0 (T> EFTA Ethet .) 6 


For this evidently verifies the above values of ole &e. if only the term 2 av V dé 
a 


dV 

vanishes; and we have db dé 
_ (n= 2) hh,... r" a a L 

dg 


or, observing that 
Fl- eee. --) Gg 3g (1 ae JAS 
dé E+h +o y (P) do TIT J (®)’ 
and taking the integral from 0 to œ, 


AE we AT Pt thin 1 
dé 21° (3M) Eth Eth?" SEIE AT 


in virtue of the equation which determines £. _ 


mt 4 


No constant has been added to the value of V. since the two sided som the 
equation vanish as they should do for a, b... infinite, for which values E is also infinite 
and the quantity 


(- ere) Ty: 


which is always less than heii vanishes. 


n (P) 
Hence, restoring the values of V and ®, 
| ts (n sone T Pe Ge dy E r 
— af + (b yr. aT 
pe Meas f (is P nut dé 
2T (4n) P E+ o et LE So 
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he limits of the first side of the equation, and the condition to be satisfied by a, b, 
c, also the equation for the determination of €, being as above. 


The integral 
V = |f.. (n times) BE AEK CN 
(a-a tO- yF] 
etween the same limits, and with the same condition to be satisfied by the constants, 
as been obtained [see p. 11] in the paper already quoted. Bor E instead of 7°, and 


=p we have 
y’ = hh e" R de 
PN) Jo (E+) VAE k +H) (Erb? +$)...}? 
here Negi =] 
g++ Beant 
GG @ S 
Let V= dat * apt Then by the assistance of a formula, 


1 agree . (2; } (NMS 
V! GER ym A i+). Bi + 2g —2) B+ 2—M) ... i+ 29- Naryn 


iven in the same paper [see p. 6], in which it is obvious that a, b... may be changed 
to a—2, b— y, &e....; also putting i+=4n; we have 
dx dy... Se 3 
t Nd poe eR Gf eet CRS PE oR A 
IE - (ih times) {(a— a) + a aa Es hee Paap SP oN EEPE a 


Now in general, if yé be any function of £, 
Vxé= ve (Get aR ) + EGE Ta) + (Gi) 7 J= vezi Pe) 4 wes (SEN. suppose. 


But from the equation z EA 1, 
: 2a í at |} Ee 
e obtain p Ee en? | 
a Ee. N 
hence > (E) at Peat 
(E+ hy 


eee iprit Eesm) (ae) -Eere ae 


hence taking the sum ¥, and observing that 


Also 


o tiger 

a dé EPEa s (HEY 

ia TOE Py. ey 3 ET = (a) 
(E+) 


apip grr) (a) 
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1 
2 22 £4 h2 
we find (5 = H, 
(E+ hp 


and we hence obtain 
EX gap ttx’’ 
vx = EE E 
> Es + h?? 


Hence the function 
nf 


dp. V -nre oo) 

i PY EF OEE +9) 

(observing that differentiation with respect to & is the same as differentiation with | 
respect to ¢) becomes integrable, and taking the integral between the proper limits, its 
value is 


l ; 
WE > Eph + 4 E 


? 


a? 
z (E i vy 
1 
where XÉ = EMEA (EFRA. Y 


We have immediately 


En-a (E+ ZFFE) 


% 
ji 2E E (pip) + mE — aXe, 
whence 
(al 1 4 
OG OY ge ee 2 i 
|. EFE PV EHD EHD- E Gent 


Hence restoring the value of V, and of the first side of the equation, 


i. (n a A 
{(a— a) + (b— yr..." 


Bt vin m?" (t d? 3 1 
= 997, 1.2...g.VQn+q) \dat* ae) PE ee p: | 
34/ + h? + hay: HET som t. 
with the condition pit rp =l; 


from which equation the differential coefficients of £ which enter into the preceding 
result, are to be determined. 
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In general if u be any function of £, a, b... 


j dia 1” au y 1E 
da + dee" a da’ 
> E+ BF 


from which the values of thé second side for g=1, g=2, &. may be successively 
calculated. 


The performance of the operation (ZY (a (5) upon the integral V”, leads in 


like manner to a very great number of integrals, all of them expressible algebraically, 
for a single differentiation renders the integration with respect to œ possible. But 
this is a subject which need not be further considered at present. 


We shall consider, lastly, the definite integral 

(a —2) f (Gt re ..) dady .. 

: het hat 

v= {fc times) 
(a-a) + (b= y} 

limits, &e. as before. This is readily deduced from the less general one 


A (a — x) dady... 
fifa (m times) {(a—a)'+(b—y)...}™ 


For representing this quantity by F (h, h,...), it may be seen that 
d 
U=) f (m) 7 F(mh, mh,...) dm; 


but in the value of F(h, h,...), changing h, h,... into mh, mh,... also writing m$ 
instead of $, and m% for £, we have 


Ponh, mb) = Shiny h ESET) 


D= (E h+ e) (Eth +9)... 


a? P b? aa bates 
oe 2 Se 
dé’ d 
Hence ri F (mh, mh,...) = dé (mh, mh, ...), 
hh,... T? 1 


n dé’ æ d 
-KG tam |, 9 aE CERT) 


= is equivalent to = , and effecting the integration between the 


r, observing that dé dọ 
roper limits, 
d hh, ... ak 1 
dim * (mh, mh, ..)=— Tay 9 4) E+ RE +h) 
: 3 
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Substituting this value, also f L ptyipt ns for f(m*), in the value of U, 


and observing that m=0 gives =o, m=1 gives &’=&, where & is a quantity 
determined as before by the equation 


a? 
h ; F S d 
on O=- -T J. CFAE ETE 
or writing ġ+¢ for &, d&’=dd¢, the limits of p are 0, æ; or, inverting the limits and 
omitting the negative sign, 
a b 

T Terrya WEP TETTO p 

~ Tan) Jo Eth+ 6) V(EtV+ 9G) (Eth? + 9)...}’ 


which, in the particular case of n=8, may easily be made to coincide with known 
results. The analogous integral 


ne? (n times) {(a—a2)+ (b- yF ...}" 


is apparently not reducible to a single integral. 
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